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I NTRODUCTION

V ECTOR FUNCTIONS ON THE SPHERE

R ECONSTRUCTION OF SATELLITE DATA

The counterpart on the sphere to the classical Fourier transform are spherical
harmonic functions.
Similar to the Fourier transform, in which a (spatially) sudden change of the original
signal leads to an infinitely wide wavenumber spectrum, an infinite number of
spherical harmonic functions would be required to describe a signal that is truncated
at a target region R (e.g. North America) and has values equal to zero everywhere else.
If we want to perform a regional analysis of satellite data, or if we want to enrich
satellite data with surface-based measurements, we require functions that have a finite
wavenumber spectrum (limited by a known maximum wavenumber L), but are
simultaneously confined to our target region R within the entire globe Ω.

The crustal magnetic field can be described as a function that has a vector value at
each point on the Earth’s surface.

Detailed knowledge of the magnetization of the Earth’s crust provides important value
for a wide field of applications including crustal geology, regional tectonics, the
location of mayor ore bodies, and volcanism underneath the Antarctic ice sheet.
With the launch of the CHAMP research satellite in the year 2000, high-quality vector
data of the Earth’s magnetic field became available for the first time. The Swarm
satellite mission, which is scheduled to launch this year, will provide data of
unprecedented quality and detail. It is therefore of high importance to have the right
mathematical tool at hand in order to make optimal use of these data.

O PTIMALLY CONCENTRATED FUNCTIONS
Functions that have a maximum wavenumber L, but that are spatially concentrated
within a target region R can be generated in a mathematically optimal way.
We can consider all possible functions on the sphere with maximum wavenumber L
and solve an optimization problem to obtain the best-concentrated function for the
target region R within the entire globe Ω.
Our goal is hence to find the function g, such that the following ratio is maximized
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Figure: Vector functions on the sphere. Left panel: Each point on the surface of the sphere can be described either by its
(x̂, ŷ, ẑ)-coordinates, or by the two angles θ (colatitude) and φ (longitude). Right panel: At every point on the Earth’s surface, the
vector can be described by its colatitudinal θ̂ , longitudinal φ̂ and radial r̂ component.
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After having calculated the best-concentrated function for the target region, we can
continue in the same manner to generate the second best-concentrated function, the
third best-concentrated function, etc. We finally obtain a basis of functions that is
equivalent to the spherical harmonics with maximum wavenumber L, but which is
ordered with respect to the concentration within the target region R.

Θ

The goal of this research project is to bring the advantages of scalar Slepian functions
on the sphere to the realm of vector
functions on the sphere. This can be obtained in a
R
1
similar fashion as described before. We need to solve the optimization problem in
equation (1) for vectorRvalued functions on the sphere with maximum wavenumber L.
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When constructing the vector Slepian functions, the radial component is entirely
decoupled from the tangential component. The vector Slepian functions for the radial
component are equal to the scalar Slepian functions multiplied by the radial unit
vector. Therefore we focus on the tangential component. The following figure shows
an example of a vector Slepian function for North America.

Figure: Configuration of the Swarm satellite mission. Three satellites will orbit simultaneously to measure high-quality data of the
Earth’s magnetic field. From www.esa.int.

In order to demonstrate the features of vector Slepian functions we apply these to the
analysis and reconstruction of a simulated crustal magnetic field. For this example,
the crustal magnetic field is simulated from scalar values given by the lithospheric
field NGDC720 V3 (http://models.geomag.org/ngdc720.html). The vector
Slepian reconstruction managed to capture the field over Africa within 0.4% error by
using only 924 vector Slepian functions, instead of the 10656 original vector spherical
harmonics.

Figure: The best-concentrated function (left) and the 10th best concentrated function (right) for North America and a maximum
wavenumber L = 30. Red is positive, blue is negative. Values below 1% of the maximum value are white. The function on the left has
almost 100% of its energy within North America. The function on the right has still 99.4% of its energy within North America.

Some functions are very well concentrated (almost all of their energy is within the
region), while other functions are concentrated almost entirely in the part
complementary to the region.
If we only consider those functions that are well-concentrated within the target
region R, we can efficiently perform data analysis and reconstruction of data with a
maximum wavenumber, while focusing on a chosen region.
The construction of these functions on the sphere, called “Slepian functions”, has
been published by Simons et al., 2006 and has since been used in many applications
including geodesy, geomagnetism, gravimetry, geodynamics, biomedical science,
planetary science, cosmology and computer science.
Here, we aim at analyzing the crustal magnetic field of the Earth. Because the
magnetic field does not only have a strength, but also a direction, we will need to
design vector Slepian functions.
http://geoweb.princeton.edu/people/simons/software.html

Figure: The 100th best concentrated tangential vector Slepian function for North America and maximum wavenumber L = 60. The
color denotes strength (red is maximum; values below 1% of the maximum values are white) and the strokes denote the direction of
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the vector function. The energy concentration ratio of this vector function is 99.9%.

We can now describe any vector valued function f(θ , φ ) with maximum
wavenumber L, or a data set given by point-values of an unknown function f(θ , φ ) on
the sphere as a sum of vector Slepian functions gi(θ , φ ), where each vector Slepian
function gi(θ , φ ) is multiplied by a coefficient ci. The analysis of a vector valued data
set then consists in obtaining the coefficients ci such that, in the mean-square sense
J

f(θ , φ ) = ∑ cigi(θ , φ ).
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Figure: Left panel: Original field using all 10656 vector spherical harmonics for maximum wavenumber L = 72. Right panel:
Reconstructed field using the best-concentrated 924 vector Slepian functions for Africa and maximum wavenumber L = 72.
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